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Abstract— The main objective of designed the controller 
for a vehicle suspension system is to reduce the discomfort 
sensed by passengers which arises from road roughness 
and to increase the ride handling associated with the 
pitching and rolling movements.  This necessitates a very 
fast and accurate controller to meet as much control 
objectives, as possible. Therefore, this paper deals with an 
artificial intelligence Neuro-Fuzzy (NF) technique to 
design a robust controller to meet the control objectives. 
The advantage of this controller is that it can handle the 
nonlinearities faster than other conventional controllers. 
The approach of the proposed controller is to minimize 
the vibrations on each corner of vehicle by supplying 
control forces to suspension system when travelling on 
rough road. The other purpose for using the NF controller 
for vehicle model is to reduce the body inclinations that 
are made during intensive manoeuvres including braking 
and cornering. A full vehicle nonlinear active suspension 
system is introduced and tested. The robustness of the 
proposed controller is being assessed by comparing with 
an optimal Fractional Order PIλDμ (FOPID) controller. 
The results show that the intelligent NF controller has 
improved the dynamic response measured by decreasing 
the cost function. 

Keywords: Full vehicle, nonlinear active suspension system, 
neuro-fuzzy system, control design. 

I. INTRODUCTION

A number of researchers have suggested control methods 
for vehicle suspension systems. Some have designed a linear 
controller for a quarter or half vehicle [1-9]. In reference [10] 
the authors used a robust controller for a full vehicle linear 
active suspension system using the mixed parameter 
synthesis. A sliding mode technique is designed for a linear 
full vehicle active suspension system [11]. A method is 

developed for the purpose of sensor fault diagnosis and 
accommodation. In reference [12] the authors presented the 
development of an integrated control system of active front 
steering and normal force control using fuzzy reasoning to 
enhance the full vehicle model handling performance. A 
fuzzy logic based fast gain scheduling controller is proposed 
for control nonlinear suspension systems for quarter car 
system [13]. In fact, nonlinearity inherently exists in damper 
and spring models [14-16]. Therefore, the nonlinear effect 
should be inevitably taken into account to design the 
controller for practical active suspension system. 
This paper will be developed a novel NF controller for full 
vehicle nonlinear active suspension systems. The full vehicle 
model will be investigated to take into account the three 
motions of the vehicle: vertical movement at centre of 
gravity, pitching movement and rolling movement. It is 
believed that, this is the first time to use the neuro-fuzzy 
method to design the controller for a full vehicle nonlinear 
active suspension system.  
A neurofuzzy model combines the features of a neural 
network and fuzzy logic model. A large class of neuro-fuzzy 
approaches utilizes the neural network learning algorithms to 
determine parameters of the fuzzy logic system [17]. The 
neuro-fuzzy system is more efficient and more powerful than 
either neural network or fuzzy logic system [18] which has 
been widely used in control systems, pattern recognition, 
medicine, expert system, etc. [19]. 
In this paper optimal FOPID controller will be designed for 
full vehicle nonlinear active suspension by using the 
Evolutionary Algorithm (EA). The data obtained from the 
optimal FOPID controller will be used as reference to design 
the NF controller. The learning ability of the neural network 
has been used to tune parameters of the membership function 
of the Fuzzy Inference Systems (FIS). The performance of the 
NF controller has been improved by adding the scaling gains. 
The results of the proposed controller will be compared with 
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that of the optimal FOPID controller. Four types of the 
disturbances will be investigated to establish the robustness of 
the proposed controller:   
• Change the amplitude of the sine shape of the road profile 

input.  

Change the amplitude of the square shape of the road profile 
input. 
•  Change the bending inertia torque with random road 

profile input.  
• Change the breaking inertia torque with random road 

profile input.  
The results will show whether the proposed controller is more 
robust than the optimal FOPID controller. 

II. THE STRUCTURE AND TRAINING OF ADAPTIVE NEURO 
FUZZY INFERENCE SYSTEM (ANFIS) 

The ANFIS is one of the methods to organize the fuzzy 
inference system with given input/output data pairs. The 
ANFIS is a combination of a fuzzy logic controller and a 
neural network, which makes the controller self tuning and 
adaptive. If we compose these two intelligent approaches, it 
will be achieve good reasoning in quality and quantity. This 
technique gives the fuzzy logic capability to adapt the 
membership function parameters that best allow the 
associated fuzzy inference system to track the given 
input/output data. The data obtain from FOPID controller will 
be use to modify the parameters of ANFIS model. In order to 
process a fuzzy rule by neural networks, it is necessary to 
modify the standard neural network structure accordingly. 
Fig. 3 depicts the structure of Neuro-fuzzy inference system 
(the type of this model is called Takagi-Sugeno-Kang) [20]. 
For the simplicity, the following assumptions will be 
assumed:   (a) the model has two inputs x and y and one 
output z, (b) it has just two rules (R1and R2). 
�1: �� � 	
 ���� � 	
 ����� �� � ��� � ���+��
�2: ��� 	
���� � 	
 ����� �� � ��� � ��� � ��  
In Fig. 1, square nodes (adaptive nodes) have adaptable 
parameters while circle nodes (fixe nodes) have non-
adaptable parameters. The function of each layer is described 
below: 
 Layer 1: Every node i in this layer is a square node with a 
node function 
��
� � μ

��
���       i=1, 2                                        (1) 

where w is the input to the node i (x or y) and Ci is the 
linguistic label associated with this node (Ai or Bi).  

μ
��

��� has been chosen as Bell-Shape membership function:

μ
��

��� � 1
1 � ���  !�

��
"
�

#��
       

where {�� , %� , !�& are the parameters of membership function 
(they are called premise parameters) which will be modified 
in the training phase. 

Layer 2: Every node in this layer is a circle node (have non-
adaptable parameters) labeled Π which multiplies the 
incoming signals. The output of each node in this layer can be 
written as: 

��
� � 
� � μ

��
��� X μ

��

���       i=1, 2                    (2) 
Layer 3: Every node in this layer is a circle node labeled N. 
the output of ith node is the normalized of the ith rule’s firing 
strength. The output of any node in this layer can be given as 

��
	 � 
(� � 
�


��
�
                                                     (3) 

Layer 4: Every node in this layer is square node with linear 
function 
�� � ��� � ��� � ��                                                (4)     

where {�� , �� , ��& is the set parameters of linear equation (they 
are called consequent parameters) which will be modified in 
the training phase. The output of any node in this layer can be 
written as: 
��

� � 
(��� � 
(����� � ��� � ���                            (5) 
Layer 5: the node in this layer is circle nod labeled Σ that 
compute the overall output as the summation of all incoming 
signals 

) � ��
 � ∑ 
(��� � ∑ 
����

∑ 
��
�                                        (6)    

The adaptable parameters of ANFIS {�� , %� , !� ,  �� , �� , ��&
should be modified to minimize the following performance 
function:    
    + � ∑ +�

�
���                                                       (7) 

where P is the total number of training data set and Ep the 
error signal between the desired output of pth data and the 
actual output of ANFIS model of pth data, Ep can be given as 
+� � ,�  )�                                                          (8) 
where Tp the pth desired output and zp the pth actual output of 
the ANFIS model. 
To modify the parameters of the ANFIS model, the steepest 
descent method as in neural network can be applied to modify 
the premise parameters {�� , %� , !�& and least square estimate 
can be applied to adapt the consequent parameters {�� , �� , ��&
[21]. 
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III. DESIGN OF THE NEURO-FUZZY CONTROLLER

The neuro-fuzzy controller is a combination of a fuzzy 
logic controller and a neural network, which makes the 
controller self tuning and adaptive. Fig. 2 depicts the Neuro-
fuzzy controller with controlled system. The structure of the 
NF controller in this figure is described in previous section. 
To find the optimal values of the NF parameters (premise and 
consequent parameters) for driving the plant to meet all 
control objectives, a FOPID controller should be designed. 
The input/output data which will be obtained from FOPID 
controller design should be used to train the NF controller. 

A. FOPID Controller Design 
In this paper Evolutionary Algorithm (EA) has been used to 
tune the parameters of FOPID controller. The continuous 
transfer function of FOPID controller is described as [22] 

μ

λ
++== sK

s
K

K
)s(E
)s(U)s(G d

i
pc                    (9)

Fig.3 depicts the structure of the multi-population 
evolutionary algorithm. At the beginning of the computation, 
a number of individuals (FOPID parameters) are randomly 
initialized within a reliable range. The first/initial generation 
is produced. If the optimization criteria are not met, the 
creation of a new generation starts. Individuals are selected 
according to their fitness for the production of offspring. The 
parents are recombined to produce offspring. All offsprings 
will be mutated with a certain probability. The fitness of the 
offspring is then computed. The offsprings are inserted into 
the population replacing the parents, producing a new 
generation. This cycle is performed until the optimization 
criteria are met. The objectives of modify the parameters of 
FOPID are to resolve the inherent conflict between riding 
comfort and road handling. Therefore, the FOPID parameters 
should be selected to minimize the following cost function,  

∑
=δ

δξ=

4

1

250.J                                                    (10) 

where ξδ is the plant outputs which should be minimized. 

B.  Modifying the Parameters of NF Controller 
After the optimal parameters of the FOPID controller are 
been obtained, the input/output data of the FOPID controller 
should be used to train the parameters of NF controller using 
the Hybrid Learning algorithm.  Fig. 4 depicts the training 
phase of the NF controller. 

Start 

Randomly generate initial 
population P (t=0) 

Evaluate objective function 

Are termination criteria 
met? 

Select fitness parent 

Crossover (offspring 
generation) 

Mutation 

Evaluation of offspring 

Reinsertion 

t =t+1  

Select best individual 

Yes 

End 

No 

Figure 3. Structure of an evolutionary algorithm 

Figure 2.  Neuro-Fuzzy Controller 
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The bold line means multiple input or output signals. After 
the optimal values of NF are obtained the NF controller 
design should be improve by adjusting the scaling gains (GE,  
GED, GEI and GU) as shown in Fig. 2. 

IV. MATHEMATICAL MODEL OF THE CONTROLLED SYSTEM

A framework is suggested that the NF controller generates 
the suitable command signals (inputs of the hydraulic 
actuators) to improve the vehicle performance including 
riding comfort and road handling stability. The rigid comfort 
can be measured by evaluating the acceleration and 
displacement of the sprung mass. The handling stability can 
be obtained by minimizing the vertical motion of tires and the 
rotational motions of the vehicle body such as rolling and 
pitching movements during sharp manoeuvres cornering and 
braking. 
The full vehicle active suspension physical model is shown in 
Fig. 5.  This model consists of five parts: the sprung mass (M) 
and four unsprung masses mi (where [ ]4321 ,,,i∈ ). The 
sprung mass is assumed as rigid body and has freedom of 
motion in vertical, pitch and roll direction. The vertical 
displacements at each suspension point are denoted by z1, z2, 
z3 and z4. The zc, α and η  denote the displacement at the 
center of gravity of the vehicle, pitch angle and roll angle, 
respectively. The vertical displacements of unsprung masses 
are denoted by w1, w2, w3 and w4. Jx and Jy are moments of 
inertia about x-axis and y-axis, respectively. The cornering 
torque and breaking torque are denoted by Tx and Ty,
respectively.  In the model, the disturbances u1, u2, u3 and u4
are caused by road roughness.  

A. Nonlinear Force Characteristics 
The suspension elements possess a nonlinear property. 

Therefore, each suspension will be assumed as specify 
nonlinear components placed in parallel (nonlinear spring 
model, nonlinear damper model and nonlinear hydraulic 
actuator). The main purpose of using the suspensions control 

is to generate a control force between sprung mass and 
unsprung masses. The ith nonlinear suspension has stiffness 
and damping coefficient denoted by Ki and Ci, respectively. 
Each tire will be simulated as linear oscillator with stiffness 
and damping coefficient denoted by ki and ci respectively.  
The motions of the sprung mass are governed by the 
following equations: 

• Vertical motion

∑ ∑ ∑
= = =

+−−=

4

1

4

1

4

1i i i
PiCiKic FFFzM &&                  (11) 

where KiF , CiF  are  nonlinear suspension spring forces and 
nonlinear suspension damping force, respectively, which can 
be written as [23] 

3)wz(K)wz(KF iiiiiiKi −ξ+−=

)wzsgn()wz(C)wz(CF iiiiiiiici &&&&&& −−ξ+−= 2

fiAiPi FFF −=   where FAi nonlinear hydraulic force 
provided by the ith actuator and Ffi the nonlinear frictional 
force due to rubbing of  piston seals with the cylinders wall 
inside the ith actuator. 

•  Pitching motion

xPPPP

CCCC

KKKKx

Tb)FFFF(

b)FFFF(

b)FFFF(J

+−+−

++−−

++−−=α

2

2

2

2314

4321

4321&&

                    (12) 

where b is the distance between the front wheels (or rare 
wheels). 

Fig. 4 Training Phase of NF Controller 

Figure 5. Full vehicle nonlinear active suspension system 
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• Rolling motion

yPPPP

CCCC

KKKKy

Tl)FF(l)FF(
l)FF(l)FF(

l)FF(l)FF(J

++++

++−+

++−+=η

243121

121243

121243&&

            (13) 

where l1 is the distance between the centre of  front wheel 
axle and centre of gravity of the vehicle.  l2 is the distance 
between the centre of gravity of the vehicle and the centre of 
rare wheel axle. 
The motion of the ith unsprung mass is governed by the 
following equation: 

iPCiKi

iiiiiiii

FFF
)uw(c)uw(kwm

−+

+−−−−= &&&&

                 (14) 

B. Hydraulic Actuator Dynamics 
The nonlinear force produced by the active hydraulic actuator 
is applied between body and wheel axles. This force is 
governed by the following equation [24] 

iLpiA PAF =                                                       (15) 
where Ap the cross section area of the piston inside the ith

actuator, PLi the hydraulic pressure inside the ith actuator. 
The nonlinear pressure is given by: 

)QxA(PP ipipiLiL −σ−β−= &&                               (16) 

where  
t

e

V
β

=σ
4  , tpCσ=β  and iipi wzx −=

eβ  the effective bulk modulus of hydraulic system. 

tV  the total volume of fluid under compression. 

tpC  leakage coefficient of piston. 

iQ  hydraulic flow through the piston inside the ith actuator. 

iQ  is governed by the following equation: 

)P)xsgn(P(xCQ iLivisvidi −
ρ

ω=
1                  (17) 

where  
dC  is the discharge coefficient, 

ω   is the area gradient, 
vx  is the spool valve displacement, 
ρ  is the fluid density, 

sP  is the supply piston pressure. 
The spool valve displacement is controlled by an input 
voltage um. The corresponding dynamic relation can be 
simplified as a first order differential equation: 

)xu(x vimiiv −

τ

=

1
&                                            (18) 

C. Friction Force 
Due to rubbing of the piston with the inside actuator 

wall, heat energy is generated. Therefore, the actual force 
generated by the ith hydraulic actuator FAi is not equal to the 
force supply by ith hydraulic actuator FPi. Difference between 

these two forces is called fraction force Ffi . This frictional 
force can not be neglected because the value of this force is 
grater than 200 Nm [25].   

Frictional force is modelled with a smooth 
approximation of Signum function 

⎪
⎩

⎪
⎨

⎧

<−⎟
⎠

⎞
⎜
⎝

⎛ π−
κ

>−−κ

=
010

2010

010

.wzif
.

wzsin

.wzif)wzsgn(
F

ii
ii

iiii

fi
&&

&&

&&&&

         (19) 

D.  Full State Space Model of Vehicle with Nonlinear 
Suspension 

The suspensions points 1P , 2P  and 4P  satisfy the plane 
equation 

0

141414

121212

111

=

−−−

−−−

−−−

zzyyxx
zzyyxx
zzyyxx

Any points on the rigid plate satisfy 

1
1214 zy

b
)zz(x

L
)zz(z +

−
+

−
=                        (20) 

The vertical displacement at centre of gravity cz  can be 
calculated from eq. (20) as following: 

4
1

21 50 z
L
lz.azzc ++=

where 
L
l.a 250 −=   and   21 llL +=

 Applying eq. (20) at point 3P , the displacement can be 
written as 

4213 zzzz ++−= . 
The pitch angle and the roll angle can be calculated from the 
following equations: 

L
zz

x
z

b
zz

y
z

14

12

−
=

∂

∂
=η

−
=

∂

∂
=α

For simplify, the following assumptions will be assume 
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.
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iiiij
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⎪
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⎪
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⎧
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⎞
⎜
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⎛ π−
>−−

=

∈−
ρ

=
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∈−=

&&
&&

&&&&

&&&&

The input in the state space is governed by the following 
equation: 

UBSBXBX 321 ++=
&                                     (21) 

where 0321 C,B,B,B and D are coefficients matrices of the 
suspension systems model. 
The output equation can be written as: 
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DUXCY += 0                                               (22) 

where  ⎥
⎦
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The output matrix can be given by 
[ ]TczwwwwzzzzY ηα= 43214321

V. SIMULATIONS AND RESULTS

For the full vehicle nonlinear active suspension system 
discussed in Section 4, the numerical values of the hydraulic 
actuators and full the vehicle model which are used in this 
simulation are given in Table 1. To design the NF controller, 
the optimal parameters of FOPID controller should be 
obtained first using the EA. The input/output data obtained 
from the FOPID controller have been used to design the NF 
controller. Figures 6-10 show the changing of the FOPID 
controller parameters (proportional constant Kp, derivative 
constant Kd, integral constant Ki, integral order λ and 
derivative order μ) with respect to optimization steps. Fig. 11 
shows the response of the cost function (which is described in 
Eq. 10) with respect to the optimization steps. After 225 
optimization iteration steps, the optimal values of the FOPID 
controller parameters can be obtain as shown in Table 2. 

Parameter Initial value Optimal value
KP 100 12678.26
Kd 20 3253.92
Ki 1 768.1
λ 0.3 0.45
μ 0.7 0.886

Notation Description Values Units

K1, K2

Front-left and Front-right suspension 
stuffiness, respectively. 19960 N/m

K3, K4

Rear-right and rear-left suspension 
stuffiness, respectively. 17500 N/m

k1-k4

Front-left, Front-right, rear-right and 
rear-left tire stuffiness respectively. 175500 N/m

C1, C2

Front-left and Front-right suspension 
damping, respectively. 1290 N.sec/m

C3, C4

Rear-right and rear-left suspension 
stuffiness, respectively. 1620 N.sec/m

c1-c4

Front-left, Front-right, rear-right and 
rear-left tire damping, respectively. 14.6 N.sec/m

M Sprung mass. 1460 kg

m1, m2

Front-left, Front-right tire mass, 
respectively. 40 kg

m3, m4

Rear-right and rear-left tire mass, 
respectively. 35.5 kg

Jx Moment of inertia x-direction. 460 kg.m2

Jy Moment of inertia y-direction. 2460 kg.m2

l1

Distance between the center of gravity 
of vehicle body and front axle. 1.011 m

l2

Distance between the center of gravity 
of vehicle body and rear axle. 1.803 m

b Width of vehicle body 1.51 m
Empirical parameter 0.1 - 

�, � , � Actuator parameters
4.515*1013

,1, 
1.545*109

- 

AP Cross section area of piston 3.35*10-4 m2

Supply pressure 10342500 Pa
Time constant 1/30 sec

Cd Discharge coefficient 0.7 - 

ρ Fluid density 970 kg/m3

ω Area gradient 1.436e-2 m2

TABLE 1.VEHICLE SUSPENSION PARAMETERS

TABLE 2. THE INITIAL AND OPTIMAL VALUES OF FOPID
CONTROLLER PARAMETERS
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Figure 6. Changing value of Kp during optimization steps 

Figure 7. Changing value of Kd during optimization steps 

Figure 8. Changing value of Ki during optimization steps 

Figure 10. Changing value of μ optimization steps 

Figure 11. Performance measurement during optimization steps 
optimization steps

λ

Figure 9. Changing value of λ during optimization steps 
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After the optimal parameters of FOPID controller have been 
obtained, the input/output data should be used to design the 
NF controller. Fig. 4 shows the training phase of the NF 
controller. The NF controller consists of four NF sub-
controllers (one controller for each suspension). 
The number of inputs for each NF sub-controller are three. 
The first input (Input 1) is the error between the vertical 
displacement at the corner where the NF sub-controller exists 
and desire vertical displacement. The second and the third 
input (Input 2 and Input 3) are derivative and  intgration of 
this error, respectively. The Bell-Shape function has been 
used for each NF sub-controller inputs. Input 1 has five 
grades: negative big (NB), negative small (NS), zero (ZE) ,  
positive small (PS) and positive big (PB). Input 2 has five 
grades: negative big (NB), negative small (NS), zero (ZE), 
positive small (PS) and positive big (PB). Input 3 has three 
grades: nagativ (N), no change (NCH) and positive (P). The 
Sugeno-Type fuzzu inference system has been used. The 
linear function has been used as output membership function. 
The output of each controller is the force controller. It has 
five grades: negative big (NB), negative small (NS), zero 
(ZE), positive small (PS) and positive big (PB). The 
following rules have been used 

R1:IF error is NB and  errordot is NB and errorint N then 
force is NB  

R2:IF error is NS and  errordot is NS and errorint P then 
force is NS  

R3: IF error is ZE and  errordot is ZE and errorint NCH 
then force is ZE  

R4: IF error is PS and  errordot is PS and errorint P then 
force is PS 

R5: IF error is PB and  errordot is PB and errorint N then 
force is PB  

The selection of these rule depends on the response of the 
optimal FOPID controller. The Hybrid Learning algorithm 
has been used to select the optimal values for each NF 
controller.   
To improve the performance of the NF controller the scaling 
gains should be adjusted. Fig.2 shows the NF controller with 
GE, GED, GEI and GU gains.The optimal vlaes of scalling 
gains are 26, 22, 10 and 1.5, respectively. 
Section 2 show that the vertical displacement at centre of 
gravity (zc), the vertical displacement at P3 (z3), the pitching 
movement α and rolling movement η are depended on the 
vertical displacement at P1, P2 and P4 (z1, z2 and z4). 
Therefore, just the response at these points will be shown in 
this paper. In Figures (12-14) the time responses of the full 
vehicle nonlinear adaptive model without controller, optimal 
PID controller and NF controller at P1, P2 and P4 are 
compared, respectively. From these figures it can be shown 
that the NF controller is more powerfull and effcient than the 
optimal PID controller. 

Figure 12Time response of vertical displacement at P1

Figure 13Time response of vertical displacement at P2 

Figure 14 Time response of vertical displacement at P4
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VI. TEST OF ROBUSTNESS OF THE PROPOSED CONTROLLER
The efficient controller is the controller that it is still 

stable even the disturbance signal is applied on the plant. 
Therefore, to establish the effectiveness of any controller the 
robustness should be examined. Four types of disturbances 
are applied in turn to test the robustness of the NF controller. 
A. Square input signal with varying amplitude applied as 

road input profile      
The square input signal has been applied as road input. The 
amplitude of this signal has been changed from 0.01m to 
0.1m. At each value the cost function (as described in 
equation 23) has been calculated: 

∑
=ε

ε
=φ

4

1

250 z.                                                          (23) 

Fig. 15 shows the time response of the cost function as 
function of amplitude of square signal input. 
B. Sine wave input signal with varying amplitude applied as 

road input profile  
The different amplitude of sine wave input from 0.01m to 
0.1m has been applied as road profile input. The time 
response of the cost function for the full vehicle without 
control, the result of optimal FOPID controller and NF 
controller are shown together in Fig.16.  
C.  Bending inertia Torque (Tx) applied  
The value of bending torque (from 1000 Nm to 9000Nm) in 
addition to random signal as road profile has been applied. 
The cost function response is plotted as function of Tx in Fig. 
17.  
D. Breaking inertia Torque (Ty) applied  

The value of breaking torque (from 1000 Nm to 9000Nm) 
in addition to random signal as road profile has been applied. 
The cost function response is plotted as function of Ty in Fig. 
18.  

Figure 15 Time response of the cost functions against the different  
amplitude of square input. 

Figure 18 Time response of the cost functions against breaking 
torque (Ty)  

Figure 17 Time response of the cost functions against bending 
torque (Tx)

Figure 16 Time response of the cost functions against the different 
 amplitude of sine wave input. 
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VII. CONCLUSION
A novel Neurofuzzy controller has been successfully 
developed for a full vehicle nonlinear active suspension 
system. The results have been compared with optimal FOPID 
controller and the corresponding system without controller. 
From these results, the NF controller has capability of 
minimizing the control objectives better than the optimal 
FOPID controller. The test of the robustness proves that the 
NF controller is still stable and it forces the cost function to 
be minimum even significant disturbances occurred. The 
results have been confirmed that when the NF controller has 
been used, the cost function is still away from zero while 
when the optimal FOPID controller is used the cost function 
has much bigger values.   
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