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ARBSTRACT

A theoretical analysis is presented to calculate the sipnal phase shift
and the gain coefficient associated with two-wave mixing in
photereftactive crystals subjected to an external electric field. The
relative position of the induced-refractive index grating with respect to
the [rmge pattern of the two inpnt optical beams leads to coupling
effect between the phase and intensity of these beams.

An optical logic operation system that is based on photorefractive
two-wave mixing is introduced. This system uses the fringe-shifting
techniques thar are executed by a Mach-Zehnder interferometer. The
praposed systern configurations are capable of producing all the basic
16 two-operand Boolean functions simultanecusly at different ontput
planes,
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1. INTRODUCTION

Parallel  optical logic gates are
fundamental  for  opiical computing,
Recently, various devices that are based on
different spatial light modulaters (SLMs)
have teen implemented{1-3}. Among thase
SLMs, the photorefractive crystals uttragt
increasing  interest for oppiical data
processing  and computing due to their real
time capabitities and parallelism [4,5],

Photorefractive effect means the purely
refractive-index modulation produced by

{15)

using the linear electro-optic effect arising
from & photoinduced space-charge electric
field distribution. Charge carriers are
generated by photon absorption in the
Hluminated regions of the crystal. The
elecirons are free 1o migrate through the
crystal until they are retrapped in the dark
regions. The periodic distribution of the
reirapped  electrons  generates periodic
space-charge fietd which modulates the
refractive  index, via the electro-optic
effect, [orming a phase grating which
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corresponds to the original light intensity
distribution,  When  the crystal  is
itluminated by two optical beams, ihe
phase grating may be shifted with respect
fo the interference pattern due to different
mechanics of carfier ransportation. This
phase shifi is the source of an ensrgy
redistribution between the two beams.

For materials with large electro-optic
coefficients (ru), such as BaTiy (BTO)
and KNBOs, the predicted gain coefficient
s — 5 cm’' which exceeds the typical
attenuation  coefficient,  Thus  these
materials can be used as optical amplifiers
f6] and in real-time optical 1mage-
processing devices that require gain]7.8).
(O the other hand, materials with refatively
small electro-optic  coefficients, such as
Bi;28i0 (BSO), Bi2GeQyx (BGO} and
GaAs have many advantages for real-tune
optical data processing [9] and holagraphic
storage [10], such as fhst response, large
photerefractive sensitivity, and are readily
available in large crystais[10]. The small
electro-optic coefficient in these materials
can be compensated for by applying
aniform  electric field (of the order of 2-20
kViem)[L1)-

In this paper, a theoretical analysis based
on the charge-transport model is presented
to assess the gain coefficient and phase
shift associated with photorefractive two-
wave nixing.  The  simulation resuits
obtained for BS(C crystal is used as 2
guideline to design & real-time optical
parallel logic operation sysiem capable of
praducing the sixteen basic two-operand
Igic functions simultanecusly.

2. PHOTOREFRACTIVE TWO-WAVE
MIXING
2-1. Theory
The sillenite BSCQ crystal is a paraslec-
tric  electro-optic  and  photoconductive
material. Tt has a cubic poins group
symmetry  and therefore it is optically
isotropic if no electric field is applied.
With the application of an electric field,
BSO crystal becomes birefringent dueto
nonvanishing Pockel's coeficient ryp=rs=53

(16)

pm/V. The geomelry shown in Fig 1 gives
better coupling between recording beams
and it is used in light amplification or
optical phase conjugation. The reﬁ'amhte
index modulation in such geometry 1
given by

ﬁ?’l'.:-li- I"‘“ }‘J'z E (1)

where r4, is the electro-optic coefficient, £
iz the spage-charge of any medulation
field, n, is the background refractive index
of the crystal.

The factor 5, that expresses the electro-
optic activity of the crystal, depends on the
symmetry of the material  For the

geometry given in Fig.1, 5 i3 given by [11]
(2}

5= nj fa

b, cos@
where A, is the wavelength of the input
aptical beams, and 28 is the angle between
the two beams,

Consider two monochromatic coherent
light beams, the pump P o' and signat
§e™™  with wave vectors Kp and K,
incident symmetcically on a slab of non-
absorbing photorefractive matzrial with the
configuration ~shown in Fig.l. For
simplicity, P and 3 are assumed to be
polarized neemal to the plane of incidence
with

(3)
L S{znet T (4

where P{z,t) and S(zt} are complex
amplitudes of the pump and signal waves,
respectively, which vary along the =z
direction and have time dcpendency
because of the energy coupling effects 853
result of the interaction with the grating.

It i convenient to write

Mz t)= \{fI]Iz_t) gl #elt) )
S(z,1) =L (2.9 45 ©

where Is, Ip, pp and 9, ore real values.
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The intensity distribution in the fringe
pattern  within the crystal is then deseribed
by the expression,

(5.9, 2,00 = (BBl = [P+ §° (7

where { ) denotes the average and Eqy i8

the total optical electric field in the
medium which is given as,

Eop (% %710 =&, [F{z, e’ + 8z, ne**-"] (8}

Therefore, the total optical irradiance in the
crystal is given by,

J, L3 )
Lufvom =L |1+2 i cos(2k ¥ sind + Ag)

]
N

{9)
where I,=Iv + I51s the toral intensity of the
incident beams and Ag= P, — 1,

Consequently, space-charge fields are
generated  which  induce a periodic
refractive index change, via the electro-
optic effect. The periodic index change
gives the crystal its giffraction properties
{see the Appendix for details). The fringe
spacing (refractive-index grating period) is
given by
e {10)

' In, sinf

The phase shifl introduced to the sigral
eptical field, after passing a ciysial of
thickness 7d, is given by

Aepy =g () —p, 0D
t I'd
am_=5E,aaﬂf*—:n{{B°+m---! {11)

ﬁu +er.i

Where
B, = ]_“j (12}

1+E, /F, +EI /BB,
" (I+E/E ) +{(E,/E, )
. | Eq1+E /B +EL/E,E,)]

a H
i

(13)

$, =

(14)

(17)

E,-=‘1~I:{—:T (15)
eAN
Eq=ﬂ?:;. {16)

In eqs(11)-(16),

I" e=Intensity gain coefficient.

Bo = Initial intensity ratio (Beam
intensity ratio at z=0).

E, = Applied electrical field,

Eq = Peak amplitude of the space-
charge field.

Eq = Diffusion field,

¢z = Phase shift of the space-charpe
figld (Phase mismatch berween
space-charge field and fringe
pattern).

Na= Trap deasity,

Kp= Boltzman constant,

£ = Diglectric constant,

A = Fringe-spacing,

e = Electron charge.

T = Absolute temperature.

The amplitude of the index change
followes the local visibility of the writing
interference pattern, but that index maxima
and intensity maxima are shifted in phase
by an amount ¢, Therefore, a precise

knowledge of the phase shift ¢, , which
can be measured as described in Refj12],
is  of fundamental sigmificance for
understanding the mechanism of the
photorsfractive effect.

2-2. Hhusgrative Results
Figures 2-7 show simulation results

characterizing the two-wave mixing in
BSQ crystal. Unless otherwise stated, the
parameter values used in the simulation are
=% pm/V, n=2.54, Nau=0x10" cm?
d=13 cm, 0=5°, A, =438 nm, and g=35,
Figure 2 shows the gain {amplification)
and the attenuation (depletion) seen by the
signal and pump waves, respectively, as
they passes through the crystal, The
intensity of the signal beam grows with
distance zas I, =Le™ A, +e™) where L, is
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The total intensity of the incident beams.
The pump is depleted according to
B MG, +¢™).  The two normalized
intensity /T, and L/l, arc equal at 2
distange z={1/T) M. The gain coefficient
T is estimated to be 1.5 cm™ using the
parameter values used in the simulation
(F,=10 kV/cm, 8=5°, and Nx=9x10" em™)

The dependence of the gain coefficient
I" on the angle 8 is depicted in Fig.3. Note
that [ is an increasing function of ©. To get
T =25 cm”, B must be fived at 8°. Itis
worth  to mention here that T is akmost
independent of B, when Nx=9x10" em?
and T can be approximated by 28E4 when
E,<<E~5%10" kV/em for 8=5°.

The wvariation of the phase shift Ag, with
Nas, PBo, E.and 6 are depicted, respectively
in Figs4-7. Investigating these figures
highlights the following findings.

(i) The phase shift is negligible when
N, is less than 10" em™,

() The phase shift increases with
increasing N till a saturation leve!
is reached. To reach this level, high
values of N, 5 needed in the
presence of high external field E..

(i) Ap, has a nonlinear dependence on
[e. For PRo<2, Ag, varies almost
linearly with §,. However, it is
worth to note that the nonlinear
Apy-Po charactenstics is useful to
implement  the optical logic
opéerations.

(iv) A, increases almost linearly with
E, and the proportionality constant
is a decreasing function of ). For
example, whern 6=5°, Agy= 237,
and 461 © when E~ 10, and 20
kvicm, respectively. These results
are to be compared with Agy= 1.84
n and 3.68 % when E,= 10 and 20
kviem, respectively, and assuming
8=10%

3. REALIZATION OF REAL-TIME
OPTICAL LOGIC OPERATION
Table 1 lists the sixteen basic operations

for two-operand Boolean algebra. These

iogic operations can be realized by using a
photorefractive two-wave mixing system
and fringe shifting technique. Several logic
gates can be implemented simultaneously
by wsing the system configuration
proposed by Xu et al[13] (see Fig.%a).
Here, the two incident beams from the
laser source interact at angle 26 on BSQ
crystal. Two beam splitters (BS4 and BS5}
and two mirrors (M5 and M6) constitute &
Mach-Zehnder  interferometer,  which
yields the initial phase variation $,{0)of
the optical signal wave The output signal
infensity patiern at the output plane is
described as

I, =1, +1,+2 LT, cos(Ag,) {16)
where T,,=1{0), e, the intensity of the
incident signal beam.

At the plane of the crystal, the pump
beara intensity Ip is modulated by the sum
of two binary input patterns A and B,
which are combined by the beam splitier
BS3. Theinterference fringes at the outpur
plane are adjusted so that one periad of the
fringes cortesponds to the width of an
input pixel. The shift of the output fringe
and the corresponding logic operation
depend on the intensity of the pixel of
added inputs (I;=Ta+lz). The functional
relationships are given by eq.(11) and
represented by the characteristic curves
that are shown in Figs.5 and 6.

To obtain a specific logic function, the
intensity ratio of the incidem optical weves
needs to be adjusted t0 an appropriate
value. Fig 8b shows the input patterns Ia
and Jz and the ouwpuwt fringe that
comesponds to input state (1,=0, Iz=0).
Fig.8c shows the realization of OR, XOR,
NOR, and XOR. logic gates by setting
Pa=PBs=1.0. The phase shift Ag, of the
coupied signal wave that corresponds to 1,
ot In is 0.971 m. Thus, the cutput fringe is
shifted by an amount equal to Ad , and
thercfore, these gates are implemented at
the positions of a quarter of a period
simultaneously.

(18)
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Table 1. Possible functions of two binary variables.
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To implement F, AND, 1, and WAND
logic  gates, Pa=Prp=35 is selected The
phase shift Ad, of the coupled signal wave
I, that corresponds tolyorlpes 1,962 7,
At appropriate regiong F, AND, and their
complements can be cbtained as shown in
Fig Bd.

To obiain the logic gates B, AB, B, and
A+B, #,=65and 83 =41.0 are selecred,
In this case, the phase changes of the
output corresponding to L, and [ are 2.472
7 and 3463 x, respectively, The logic
operations are illustrated in Fig.Se,

When the intensitics a =41.0 and Pg =6.3
are  selected, the phase variations
corresponding to la and In are 3.463 w and
2472 m, respectively, The logic pares A,
AB, A, and A+B are obtained at the
position of & quarter pericd simultanzously
(Fig.30).

Note that the system depicted inFig.Ba
can realize up to four logic functions
simultaneously. In  the following, we
present new system configurations hased
on employing two photorefractive erystals
in cascade or paraliel so that all logic gates
can be implemented simultaneously,

(a)Twu photorefracrive erystals in

caseade

The proposed system configuration is
shown in Fig.9 Here, two ouiput planes
and  rwo photoreffactive crystals with
different thicknesses d, applied electric
field E, and angle & are used. The output
punp and signal inlensities from the first
crystal are  calculated according (o

e .(AZ3), and then the intensity ratic P, at

the input of the second crystal is
calculated. If one chooses, dj=1.0 cm,
th=1.25" anc Bo=18 kVicm, the logic

gates F, AND, B, OR, T, NAND, B, and
NOR can be obtained at the first output
plane (OP;) if intensities Pa =3.8 and By
=6.5 are selected (see Fig. 10a). The phase
variations corresponding to Ia and Ip are
2288 m and 2.545 =, respectively. Each
gate is implemented at the positions ofa
1/8 of a period simulianeously, For the
second crystal, If we choose, dy=2.0 cm,
8.=175", and Ex=10 kV/om, with
intensities of By =1.269 and Py =2.170.
The phase shifts corresponding to 1 and
In are 2712w and 3.543 m, respectively,
At appropriate regions on the second
putput  plane (OP2) the logic gates
AB,XOR, AB.AA+B,XOR, A+BA
can be obtained as shown in Fig 10b,

(b}Two phetorefractive crystals in
parallel

Fig.11 shows another gysiem
cenfiguration using two photorefractive
crystals in parallel to implement all the
optical logic gates.

The parameters of the first ¢rystal are
d=1.0 em, &,=2.8°, and E0;=13 kV/cm;
and for the second crystal, the parameter
values are d»=2 1 cm, B,=2.0°, and Eo,=20
kV/em. When the intensities Pa=3.3 and
Pe =2.2 are selected, the phase variations
of the signal beam which passes through
the first crystai corresponding to 1, and Ig
are 1482 7 and 1268 7, respectively.
When the signal passes through the second
crystal, it gers phase shifts equal to 0482 %
and 1.773% m for the given values of Ba and

Be. respectively. The gates QR XOR, AR,
F, NOR, XOR, A+B T are obtained

simultaneousty  in the first outpui (OP1)
al appropriate regions ( see Fig I2a),
The other logic gates, ( B, AND, A,

(19)
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AB, B, NAND, A and A + B are obtained
at the second ouiput plane (OP2) (sce
Fig. 12b).

CONCLUSIONS

‘We have presented a theoretical analysis
based on the charge-lransport model to
predict the gain coefficient and sigral
phase shifi for two-wave mixing in 2
photorefractive  material subject to an
external electric field, The results have
been used as a guideline to implement real-
fime optical logic operations based on
photorefractive Two-wive mixing and
fringe shifting techmique that is executec
by a Mach-Zehnder interferometer. New
optical configurations have been propased
that employ two pataliel or cascade photo-
refractive crysials. These configurations
can perform the sixteen basic fwo-operand
logic functions simultaneously.

APPENDIX

The internal space-charge field induced
by optical Geld for two-wave mixing ina
photorefractive  material subject to an
applied external field E, are denived using
the set of equatioms  wused by
Kukhtarevi14]:
Contimity eq.

%EN Ny = —-?El (Al.2)

lon-rate edq.;

Ny . +

—a--={|5+s[)ﬂ~ln—ND)—1.'RNND {(Alb)

Current eq.

J=eNpE-KTu¥N+pl (Al.c)
Poizson’s gq.: :
V.uE=giN+N, - Np) (Al.d)

where N is the electron density, N is total
density of photorefractive denors {both
jonized  and neutral). Np may be an
intentional or an unintentional depant, N,
is the density of ionized donors, which also
act as traps. M, is the density of negatively
charged ions that compensate for the
charge of Ny in the dark and it is assumed
to be constant and does not take part in the

photorefraciive process. N, ~Nj isthe
density of neutral (filled) donors, Jis the
current density, £ is the dark number-
density generation rate, s is the photo ¢ross
section, I i3 total optical irradiance in the
crystal, vgis the electron-trap recombina-

tion rate, p is the mobility, p is the
photovoltaic  constant, € is the static
dielectric constant, E is the sum of the
applied and the space-charge fields, nis
the refractive index, s isthe background
refractive index of the crystal, Es isthe
magnitude of the space-charge field, and
Eop is the amplitude of the optical field.
Eliminate Nhand N from egs.(Al.a) and
{Al.d) to obtain

g

. S A2
v aI[cE} I {A2)

Since ¢ is independent of time, eq.(A2)
may be integrated to yield

2E

o

+

(A3)

& |-
o Jaan

where ji& is the integration constant. JA is
the current in the external circuit that is
used to apply the extemnal field E, tothe
arystal over the area A of electrodes.

Next, both Njand Jcan be eliminated
from egs.(Al.a)-(Al.c) and {A3) to obtain

PR e NE-k,Tu N +pD+d
A £ &

(Ad.2)
% = (B +5DN, —(f+ ST+ Y NIE-¥-E-N - N,)
g

-%cepam + NV E= k ;TUV*N + V-5 1)
(A4.Db)

Flectrons trapped at the impurity siles
absorb radiation ar a rate proportional to
the intensity distribution T and drift {or
diffuse} through the crystal. Space-charge
ficlds are generated thal have the same
periodicity  as the optical interference

(20)
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pattern. By the electro-optic effect, these
felds induce the periodic index change
that gives the crysial its diffraciion
properties. Hence, Equation {Ad) is solved
by assuming that N and E are of the form,
jgnoring higher-order harmonics,

N=N, + N, {z)e™ + N ,{z1e" {AS.a)
E=B, +E, () e™ +E {z)e™™ (ASD)

where (E_; =E3), and g is the grating
period given by,

q:llﬁv'—ks =2L{} =2nuk&5i'ne {AG)

Since ¢ =2nsA, therefore, the [inge
spacing {refractive-index grating period) is

A=k, In,sing (AT}

Substilution of eq.(AS) into en.(A4) and
retention  of the lowest-order Bragg
components yields

e NGBy +NLE ) 2jk, Ry TN, ~p,a PS*=0
(AZ.a)

saPS*N, +{%1ikyE1 —NB+ s, 1 N+
(-N, -N,MsaPS* +p,Nyj -
2iky
=0
{AS.b)
(sl N, - @+l +v NN, -N )=t
(A%.c)

where I, is the average optical intensity
given by

Com 27
SR w99

apd a is the square root of the ratio of the
permitlivily to the permeability, given by,

=2 (A9.b)

a

2KY fop(B N, +N,Eo) -k Tux 2k N, +p, a PS4
- .

For irradiance typical of CW laboratory

experiments]11]

N, gm_*'ﬂs&ﬂ {A9.€)
teMNa

Elimination of Na from eq.(A8.a) by using
eq-(AB.b) yields

_ry_,

[Bf* +[3f

ik
_E]. B+5 In‘*YI{Nn 21 b (E,-i Eﬂ]"'
E, -1E; N, g

1
TalNa

=10

B+sl, +12 TRND)_'TRNJ’._‘I

(ALO)

Again, for  typical
B4l +v, N,
Basl, +2v N,

generation of carriers () compared with
photogeneration (s), and assuming that
M /Np<<l1 one chtaing

irradiance,

<]

,  neglecting  dark

~{E,—iE;) P§

E. =
ST

(ALLY

where )°.=]+-]—ir“v+i3
E, E,
Recail that the scalar wave equation is

given by,

#E,. .
il T {%?an'*gm =0 {A12)

s

o

where A, is the wavelength in the vacuum,
and n is given hy

n=1n, +an {Al 3)
Using An defined by eq.(l), where E is

total electric field (E=E,+Ey) and omit the
term n2r, Erelative to n2 to obtain

nf =0l {0l F) {A1d)

Substitution  of egs (AS), (8) and (Al4)
into the wave squation vields,

(21)
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CXIP-2jk, P +PYe P+

(k35-2jk, 5 +5 e R T 4

{%TL]Z nE[Hnir;,.{Eo +Epel? +E e T ]l
L]

[P ek gkt g [ALS)
d

As usual, the waves generated in the
directions k,+k, and k,—k,are neglect-
ed, and the changes in P(z.1} and S{zt)
with respect 10 z are assumed to be very
slow, so the second derivatives of P(z,1}
and S{zt) with respect o zare neglected.
Then, the following coupled differential

equations
P -i8(PE, +E;5}=0 (Al6.8)
S.i8{8B,+E,Fi=U (Al6DL)

where & is the electro-optic activity define
by eq{2). These equations may De
conveniently recast in terms of their real
and imaginary parts, with the rasult,

Ip +151m[:_££§¢11ﬂ=0 (Al7.a)
L.

ale

P — 3 {Eo r Rc[ﬁaﬂ]J %S =0 {.A] Tb)

lg—zslm{iﬂtﬂ]l—ﬂiﬂ (A17.€)

a

. { e (En—iEd}| 15
-B Re —|=—==0 [AlT.
ifg [Eu'l' L A J ]u 0 { ]? d)

Let the intensity gain factor I' be defined

as,

l'=2§]m[:~@-‘5#-‘ {Al8 a)
Therefore, ) |
yoasm, rhaB +55 (EqEg (A18.5)

. 1s 2
(1+Ey (E4) +(Eq 7Eg)"

Let the phass conversion facter y be
defined as

T:Em[ﬁ‘?i—'&j—)] (Al%.c)

Hence,
1. oo (A18.4)
T 2
where
. ) x
o :mn_{ﬁd Q+Eqg iE;_ +E2 ;n@l] (A18.0)
o)

Using these factors, we can rewrite

eq.(A17) into the form

1,1,

L+TE~5=0 (Al19.8)
1,1

It -r%m (A19.5)

By -y —3E, =0 (A15.0)
I,

*P;—Y-]IL—EE°=U {Alo.d}

1

Subtract eq.(A19b) from eq.(AlS.e) we
get,
" 1 2’ I- 1 L
1p-r,+—1— T, 1y =0 (A20)
Let a=1,-1, and &'=1 -K, then
integrating bath sides of eq (A20) 1o get

A=T, uh{Hz. 1) {A2])
where
Tz -1 é‘l:l
= h o —
Q1 5 +tan! 3
This leads to
I =£25'- {1+ tanh Q2 0} {A22.3)
I =%"[1—th(:,:1] {A22 1)

Then sume straightforward algebra gives

1, = Taj’lil_ (A23.2)
1, "
L= ﬁ;[q (A23.b)

where d is the thickness of the crystal; B, is
the beam intensity ratio at z=0

(22)
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! A24
S (A24)

The phase shift of the signal beam
A, =, (d) - ¢ {0) can be obtained by

integrating both sides of eq.(Al9d) to
vields
ap, =B E d+iiJﬂtJEif {A25)
v 3 T L 13+¢.'-1
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